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GW approximation

• Tool for the quantitative description of 
quasiparticle band structures

• Starting point for (first-principles) many-body 
theory

‣ GWΓ (Y. Takada)

‣ GW+DMFT (S. Biermann et al.)

Σ = GW
W = ε−1V
ε = 1−VP
P = GG
G = G0 +G0ΣG

Schilfgaarde et al. (2006)

Green function

Screened interaction



Flow-chart of G0W0

P(r,r ';ω ) = 2 ψ i
*(r)

j

unocc.

∑
i

occ.

∑ ψ j (r)ψ j
*(r ')ψ i (r ')

×
1

ω − Δij + iη
−

1
ω + Δij − iη

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

ε(r,r ';ω ) = δ (r − r ') − V (r,r '')P(r '',r ';ω )d 3r ''∫
W (r,r ';ω ) = ε−1(r,r '';ω )V (r '',r ')∫ d 3r ''

Σ(r,r ';ω ) = −1
2πi

G0 (r,r ';ω +ω ')W (r,r ';ω ')dω '
−∞

+∞

∫

En
QP = En

DFT + ψ n |Σ(En
QP ) −Vxc |ψ n

Self-consistent DFT calculation



GW approximation including 
spin-orbit coupling

Collaborators:  C. Friedrich (FZ-Juelich)
S. Bluegel (FZ-Juelich)

T. Miyake (NRI-AIST)



Motivation
Intrinsic spin-Hall effect:
(Murakami et al., Science 2003)

J-insulator: Sr2IrO4
(Kim et al., PRL 2009)



Spin-dependent GW
Spin-dependent many-body Hamiltonian

Spin-dependent GW approximation

F. Aryasetiawan and S. Biermann,
Phys. Rev. Lett. 100, 116402(2008);

J. Phys. : Condens. Matter 21, 064232(2009)



Spin-dependent GW
Special case: (one-particle) spin-orbit coupling + Coulomb interaction

GW + SOC

hαβ
0 (r) = h0 (r)δαβ + vαβ

SOC (r)

Vαβ ;γη (r,r ') =
1

| r − r ' |
δαβδγη

Σαβ = GαβW
ε = 1−VP
P = GαβGβα

αβ
∑

W = ε−1V

• The self-energy and Green’s function now have
   off-diagonal matrix elements.

• The polarization P is calculated from
   the band dispersion including SO splitting



Hg Chalcogenides
(HgX, X=S, Se, Te)



Motivation
Quantum Spin Hall Insulator State
in HgTe Quantum Wells
Markus König,1 Steffen Wiedmann,1 Christoph Brüne,1 Andreas Roth,1 Hartmut Buhmann,1
Laurens W. Molenkamp,1* Xiao-Liang Qi,2 Shou-Cheng Zhang2

AUTHORS’ SUMMARY

The discovery more than 25
years ago of the quantum
Hall effect (1), in which the

“Hall,” or “transverse electrical” con-
ductance of a material is quantized,
came as a total surprise to the physics
community. This effect occurs in
layered metals at high magnetic
fields and results from the forma-
tion of conducting one-dimensional
channels that develop at the edges
of the sample. Each of these edge
channels, in which the current moves
only in one direction, exhibits a quan-
tized conductance that is character-
istic of one-dimensional transport. The
number of edge channels in the sam-
ple is directly related to the value of
the quantumHall conductance.More-
over, the charge carriers in these chan-
nels are very resistant to scattering.
Not only can the quantum Hall effect be observed in macroscopic samples
for this reason, but within the channels, charge carriers can be transported
without energy dissipation. Therefore, quantum Hall edge channels may be
useful for applications in integrated circuit technology, where power dis-
sipation is becomingmore andmore of a problem as devices become smaller.
Of course, there are some formidable obstacles to overcome—the quantum
Hall effect only occurs at low temperatures and high magnetic fields.

In the past few years, theoretical physicists have suggested that
edge channel transport of current might be possible in the absence of a
magnetic field. They predicted (2–4) that in insulators with suitable
electronic structure, edge states would develop where—and this is
different from the quantum Hall effect—the carriers with opposite
spins move in opposite directions on a given edge, as shown sche-
matically in the figure. This is the quantum spin Hall effect, and its
observation has been hotly pursued in the field.

Although there are many insulators in nature, most of them do not have
the right structural properties to allow the quantum spin Hall effect to be
observed. This is where HgTe comes in. Bulk HgTe is a II-VI semi-
conductor, but has a peculiar electronic structure: In most such materials,
the conduction band usually derives from s-states located on the group II
atoms, and the valence band from p-states at the VI atoms. In HgTe this
order is inverted, however (5). Using molecular beam epitaxy, we can
grow thin HgTe quantum wells, sandwiched between (Hg,Cd)Te barriers,
that offer a unique way to tune the electronic structure of the material: When
the quantum well is wide, the electronic structure in the well remains
inverted. However, for narrow wells, it is possible to obtain a “normal”
alignment of the quantumwell states. Recently, Bernevig et al. (6) predicted

theoretically that the electronic
structure of inverted HgTe quan-
tum wells exhibits the properties
that should enable an observation
of the quantum spin Hall insula-
tor state. Our experimental obser-
vations confirm this.

These experiments only be-
came possible after the devel-
opment of quantum wells of
sufficiently high carrier mobility,
combined with the lithographic
techniques needed to pattern the
sample. The patterning is espe-
cially difficult because of the very
high volatility of Hg. Moreover,
we have developed a special low–
deposition temperature Si-O-N
gate insulator (7), which allows
us to control the Fermi level (the
energy level up to which all

electronics states are filled) in the quantum well from the conduction band,
through the insulating gap, and into the valence band. Using both electron
beam and optical lithography, we have fabricated simple rectangular
structures in various sizes from quantum wells of varying width and
measured the conductance as a function of gate voltage.

We observe that samples made from narrow quantum wells with a
“normal” electronic structure basically show zero conductance when the
Fermi level is inside the gap. Quantum wells with an inverted electronic
structure, by contrast, show a conductance close to what is expected for the
edge channel transport in a quantum spin Hall insulator. This interpretation
is further corroborated by magnetoresistance data. For example, high–
magnetic field data on samples with an inverted electronic structure show a
very unusual insulator-metal-insulator transition as a function of field,
which we demonstrate is a direct consequence of the electronic structure.

The spin-polarized character of the edge channels still needs to be
unequivocably demonstrated. For applications of the effect in actual
microelectronic technology, this low-temperature effect (we observe it
below 10 K) will have to be demonstrated at room temperature, which may
be possible in wells with wider gaps.

Summary References
1. K. v. Klitzing, G. Dorda, M. Pepper, Phys. Rev. Lett. 45, 494 (1980).
2. S. Murakami, N. Nagaosa, S.-C. Zhang, Phys. Rev. Lett. 93, 156804 (2004).
3. C. L. Kane, E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005).
4. B. A. Bernevig, S.-C. Zhang, Phys. Rev. Lett. 96, 106802 (2006).
5. A. Novik et al., Phys. Rev. B 72, 035321 (2005).
6. B. A. Bernevig, T. L. Hughes, S.-C. Zhang, Science 314, 1757 (2006).
7. J. Hinz et al., Semicond. Sci. Technol. 21, 501 (2006).
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Conductance 
channel with
down-spin 
charge carriers

Conductance 
channel with
up-spin charge 
carriers

Quantum
well

Schematic of the spin-polarized edge channels in a quantum spin Hall
insulator.
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spontaneously broken at the edge. The stability
of the helical edge states has been confirmed in
extensive numerical calculations (13, 14). The
time-reversal property leads to the Z2 classifica-
tion (10) of the QSH state.

States of matter can be classified according
to their topological properties. For example,
the integer quantum Hall effect is characterized
by a topological integer n (15), which deter-
mines the quantized value of the Hall con-
ductance and the number of chiral edge states.
It is invariant under smooth distortions of the
Hamiltonian, as long as the energy gap does
not collapse. Similarly, the number of helical
edge states, defined modulo 2, of the QSH state
is also invariant under topologically smooth
distortions of the Hamiltonian. Therefore, the
QSH state is a topologically distinct new state
of matter, in the same sense as the charge
quantum Hall effect.

Unfortunately, the initial proposal of the
QSH in graphene (7) was later shown to be
unrealistic (16, 17), as the gap opened by the
spin-orbit interaction turns out to be extremely
small, on the order of 10−3 meV. There are also
no immediate experimental systems available
for the proposals in (8, 18). Here, we present
theoretical investigations of the type III semi-
conductor quantum wells, and we show that the
QSH state should be realized in the “inverted”
regime where the well thickness d is greater
than a certain critical thickness dc. On the basis
of general symmetry considerations and the
standard band perturbation theory for semi-
conductors, also called k · p theory (19), we
show that the electronic states near the Γ point
are described by the relativistic Dirac equation in
2 + 1 dimensions. At the quantum phase
transition at d = dc, the mass term in the Dirac
equation changes sign, leading to two distinct U
(1)-spin and Z2 topological numbers on either
side of the transition. Generally, knowledge of
electronic states near one point of the Brillouin
zone is insufficient to determine the topology of
the entire system; however, it does allow robust
and reliable predictions on the change of
topological quantum numbers. The fortunate
presence of a gap-closing transition in the HgTe-
CdTe quantum wells therefore makes our theoret-
ical prediction of the QSH state conclusive.

The potential importance of inverted band-
gap semiconductors such as HgTe for the spin
Hall effect was pointed out in (6, 9). The central
feature of the type III quantum wells is band
inversion: The barrier material (e.g., CdTe) has a
normal band progression, with the s-type Γ6

band lying above the p-type Γ8 band, and the
well material (HgTe) having an inverted band
progression whereby the Γ6 band lies below the
Γ8 band. In both of these materials, the gap is
smallest near the Γ point in the Brillouin zone
(Fig. 1). In our discussion we neglect the bulk
split-off Γ7 band, as it has negligible effects on
the band structure (20, 21). Therefore, we re-
strict ourselves to a six-band model, and we start

with the following six basic atomic states per
unit cell combined into a six-component spinor:

Y ¼ jΓ6, 1 2〉, jΓ6, −1
2〉, jΓ8, 3 2〉,=
!!"

jΓ8, 1 2〉, jΓ8, −1
2〉, jΓ8, −3

2〉=
#!!

ð1Þ

In quantum wells grown in the [001] direc-
tion, the cubic or spherical symmetry is broken
down to the axial rotation symmetry in the plane.
These six bands combine to form the spin-up
and spin-down (±) states of three quantum well
subbands: E1, H1, and L1 (21). The L1 subband
is separated from the other two (21), and we
neglect it, leaving an effective four-band model.
At the Γ point with in-plane momentum k|| =
0, mJ is still a good quantum number. At this
point the |E1, mJ〉 quantum well subband state
is formed from the linear combination of the
|Γ6, mJ = ±1 2= 〉 and |Γ8, mJ = ±1 2= 〉 states, while
the |H1, mJ〉 quantum well subband state is
formed from the |Γ8, mJ = ± 3

2= 〉 states. Away
from the Γ point, the E1 and H1 states can mix.
Because the |Γ6, mJ = ±1 2= 〉 state has even par-
ity, whereas the |Γ8, mJ = ±3

2= 〉 state has odd
parity under two-dimensional spatial reflection,
the coupling matrix element between these two
states must be an odd function of the in-plane
momentum k. From these symmetry consid-
erations, we deduce the general form of the ef-
fective Hamiltonian for the E1 and H1 states,
expressed in the basis of |E1, mJ = 1

2= 〉, |H1,
mJ = 3

2= 〉 and |E1,mJ = – 1
2= 〉, |H1,mJ = – 3

2= 〉:

Heff ðkx, kyÞ ¼
HðkÞ 0
0 H*ð−kÞ

$ %
,

HðkÞ ¼ eðkÞ þ diðkÞsi ð2Þ

where si are the Pauli matrices. The form of
H*(−k) in the lower block is determined from
time-reversal symmetry, and H*(−k) is uni-
tarily equivalent to H*(k) for this system (22).
If inversion symmetry and axial symmetry
around the growth axis are not broken, then
the interblock matrix elements vanish, as
presented.

We see that, to the lowest order in k, the
Hamiltonian matrix decomposes into 2 × 2
blocks. From the symmetry arguments given
above, we deduce that d3(k) is an even function
of k, whereas d1(k) and d2(k) are odd functions
of k. Therefore, we can generally expand them
in the following form:

d1 þ id2 ¼ Aðkx þ ikyÞ ≡ Akþ

d3 ¼ M − Bðk2x þ k2yÞ, eðkÞ ¼ C − Dðk2x þ k2yÞ
ð3Þ

where A, B, C, and D are expansion parameters
that depend on the heterostructure. The
Hamiltonian in the 2 × 2 subspace therefore
takes the form of the (2 + 1)-dimensional Dirac
Hamiltonian, plus an e(k) term that drops out
in the quantum Hall response. The most im-
portant quantity is the mass or gap parameter
M, which is the energy difference between the
E1 and H1 levels at the Γ point. The overall
constant C sets the zero of energy to be the
top of the valence band of bulk HgTe. In a
quantum well geometry, the band inversion in
HgTe necessarily leads to a level crossing at
some critical thickness dc of the HgTe layer.
For thickness d < dc (i.e., for a thin HgTe

Fig. 1. (A) Bulk energy
bands of HgTe and CdTe
near the G point. (B)
The CdTe-HgTe-CdTe
quantum well in the
normal regime E1 > H1
with d < dc and in the
inverted regime H1 >
E1 with d > dc. In this
and other figures, G8/H1
symmetry is indicated in
red and G6/E1 symmetry
is indicated in blue.
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Quantum Spin Hall Insulator State
in HgTe Quantum Wells
Markus König,1 Steffen Wiedmann,1 Christoph Brüne,1 Andreas Roth,1 Hartmut Buhmann,1
Laurens W. Molenkamp,1* Xiao-Liang Qi,2 Shou-Cheng Zhang2

AUTHORS’ SUMMARY

The discovery more than 25
years ago of the quantum
Hall effect (1), in which the

“Hall,” or “transverse electrical” con-
ductance of a material is quantized,
came as a total surprise to the physics
community. This effect occurs in
layered metals at high magnetic
fields and results from the forma-
tion of conducting one-dimensional
channels that develop at the edges
of the sample. Each of these edge
channels, in which the current moves
only in one direction, exhibits a quan-
tized conductance that is character-
istic of one-dimensional transport. The
number of edge channels in the sam-
ple is directly related to the value of
the quantumHall conductance.More-
over, the charge carriers in these chan-
nels are very resistant to scattering.
Not only can the quantum Hall effect be observed in macroscopic samples
for this reason, but within the channels, charge carriers can be transported
without energy dissipation. Therefore, quantum Hall edge channels may be
useful for applications in integrated circuit technology, where power dis-
sipation is becomingmore andmore of a problem as devices become smaller.
Of course, there are some formidable obstacles to overcome—the quantum
Hall effect only occurs at low temperatures and high magnetic fields.

In the past few years, theoretical physicists have suggested that
edge channel transport of current might be possible in the absence of a
magnetic field. They predicted (2–4) that in insulators with suitable
electronic structure, edge states would develop where—and this is
different from the quantum Hall effect—the carriers with opposite
spins move in opposite directions on a given edge, as shown sche-
matically in the figure. This is the quantum spin Hall effect, and its
observation has been hotly pursued in the field.

Although there are many insulators in nature, most of them do not have
the right structural properties to allow the quantum spin Hall effect to be
observed. This is where HgTe comes in. Bulk HgTe is a II-VI semi-
conductor, but has a peculiar electronic structure: In most such materials,
the conduction band usually derives from s-states located on the group II
atoms, and the valence band from p-states at the VI atoms. In HgTe this
order is inverted, however (5). Using molecular beam epitaxy, we can
grow thin HgTe quantum wells, sandwiched between (Hg,Cd)Te barriers,
that offer a unique way to tune the electronic structure of the material: When
the quantum well is wide, the electronic structure in the well remains
inverted. However, for narrow wells, it is possible to obtain a “normal”
alignment of the quantumwell states. Recently, Bernevig et al. (6) predicted

theoretically that the electronic
structure of inverted HgTe quan-
tum wells exhibits the properties
that should enable an observation
of the quantum spin Hall insula-
tor state. Our experimental obser-
vations confirm this.

These experiments only be-
came possible after the devel-
opment of quantum wells of
sufficiently high carrier mobility,
combined with the lithographic
techniques needed to pattern the
sample. The patterning is espe-
cially difficult because of the very
high volatility of Hg. Moreover,
we have developed a special low–
deposition temperature Si-O-N
gate insulator (7), which allows
us to control the Fermi level (the
energy level up to which all

electronics states are filled) in the quantum well from the conduction band,
through the insulating gap, and into the valence band. Using both electron
beam and optical lithography, we have fabricated simple rectangular
structures in various sizes from quantum wells of varying width and
measured the conductance as a function of gate voltage.

We observe that samples made from narrow quantum wells with a
“normal” electronic structure basically show zero conductance when the
Fermi level is inside the gap. Quantum wells with an inverted electronic
structure, by contrast, show a conductance close to what is expected for the
edge channel transport in a quantum spin Hall insulator. This interpretation
is further corroborated by magnetoresistance data. For example, high–
magnetic field data on samples with an inverted electronic structure show a
very unusual insulator-metal-insulator transition as a function of field,
which we demonstrate is a direct consequence of the electronic structure.

The spin-polarized character of the edge channels still needs to be
unequivocably demonstrated. For applications of the effect in actual
microelectronic technology, this low-temperature effect (we observe it
below 10 K) will have to be demonstrated at room temperature, which may
be possible in wells with wider gaps.

Summary References
1. K. v. Klitzing, G. Dorda, M. Pepper, Phys. Rev. Lett. 45, 494 (1980).
2. S. Murakami, N. Nagaosa, S.-C. Zhang, Phys. Rev. Lett. 93, 156804 (2004).
3. C. L. Kane, E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005).
4. B. A. Bernevig, S.-C. Zhang, Phys. Rev. Lett. 96, 106802 (2006).
5. A. Novik et al., Phys. Rev. B 72, 035321 (2005).
6. B. A. Bernevig, T. L. Hughes, S.-C. Zhang, Science 314, 1757 (2006).
7. J. Hinz et al., Semicond. Sci. Technol. 21, 501 (2006).
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Quantum
well

Schematic of the spin-polarized edge channels in a quantum spin Hall
insulator.
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HgS HgSe HgTe
LDA -0.66 -1.27 -1.20
Expt. -0.15, -0.11 -0.274 -0.29, -0.30

GW -0.02 -0.58 -0.60

LDA -0.12 +0.23 +0.78
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.
+0.39,+0.38 +0.91

GW -0.19 +0.32 +0.91

GW results
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R. SAKUMA et al. PHYSICAL REVIEW B 84, 085144 (2011)
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FIG. 3. (Color online) Self-energy correction for the states !6,
!7, and !8: (a) only bare exchange and (b) full GW correction. The
lines are a guide to the eye.

Fermi energy, give only a minor correction. This also implies
that the corrections of the negative inverse band gap and the
spin-orbit splitting have their origin in the “static” part of the
self-energy, i.e., the Green function in Eq. (5), which suggests
that one may be able to simplify the GW calculations by
including the effect of the spin-orbit coupling only in G, thus
avoiding the time-consuming calculation of the polarization
function with twice as many band states.

F. Ordering of states

Finally, we briefly mention the ordering of the states at
the ! point, which is still under debate, as obtained from the
quasiparticle correction. We obtain from top to bottom !7 −
!8 − !6 in HgS, !8 − !7 − !6 in HgSe, and !8 − !6 − !7 in
HgTe. In experiment, the ordering is !8 − !6 − !7 in HgSe
and HgTe. The discrepancy between theory and experiment in
HgSe is most likely to be attributed to the still underestimated
inverse gap in GW . The HgS case is more difficult to assess.
Experimentally, the gap of HgS is negative,41,42 indicating
that HgS has an inverted band structure. In contrast, Fleszar
and Hanke25 showed that in HgS the !6 state is above the
!8 state within the GWA, which indicates that HgS has a
“normal” band structure, except for the negative spin-orbit
splitting, with the ordering !7 − !6 − !8. Moon and Wei52

also obtained a normal band structure for HgS using the
LDA and a semiempirical local potential. Their ordering is
!6 − !7 − !8, with a band gap of 0.30 eV. On the other
hand, in our calculation !6 is, in fact, slightly below the !8
state, giving rise to an inverted band structure, in qualitative
agreement with experiment. However, the inverse gap of
−0.02 eV deviates somewhat from the experimentally found
values of −0.15 eV, Ref. 41, and −0.11 eV, Ref. 42. Further
experimental studies, including the determination of the sign
of the spin-orbit splitting, would be helpful to settle this issue.

IV. CONCLUSIONS

In this paper, we have implemented a fully spin-dependent
formulation of the GW approximation, which allows us to
describe many-body renormalization effects that arise from
spin-orbit coupling. This approach goes beyond a mere
perturbative treatment within LDA and takes into account
the spin off-diagonal elements of the Green function and
the self-energy, which emerge as a result of the coupling
of spatial and spin degrees of freedom. The core, valence,
and conduction states of the reference one-particle system are
treated fully relativistically as four-component spinor wave
functions.

We have applied the scheme to quasiparticle calculations
of mercury chalcogenides and found that the self-energy
correction has a noticeable effect on their electronic band
structures. These systems exhibit an inverted band structure
due to strong relativistic effects. In LDA their band gaps
are correctly predicted to be negative. However, quantita-
tively, they are far too negative compared to experiment,
leading to an overestimated band inversion. In accordance
with previous studies, we obtain a considerable quantitative
improvement of the inverse band gap within the GW ap-
proximation, bringing the calculated values much closer to
experiment.

Furthermore, we find an unprecedented many-body renor-
malization of the spin-orbit splitting that amounts to about
0.1 eV. This renormalization significantly improves the theo-
retical values with respect to experiment (with the exception of
the spin-orbit splitting at the X point of HgSe). It is important
to note that this renormalization effect is inaccessible in a
pure perturbative treatment of spin-orbit coupling, and a full
spin-dependent formulation is essential.

We have analyzed the self-energy correction of the inverse
band gap and could trace it back to the inverted band structure:
the lowest conduction band changes character from Hg 6s to
chalcogenide p as one approaches the ! point, whereas the
valence band containing the !6 state shows the opposite trend.
This change of orbital character gives rise to a self-energy
with a pronounced k dependence, which selectively pushes
the conductionlike !6 state up in energy, effectively reducing
the inverse band gap and bringing it closer to experiment.

Another interesting finding is the reduction of the electron
effective mass by a factor of 2 as compared with the LDA
value. For the case of HgSe this was already reported in
Ref. 24. We have shown that the origin of this reduction
can also be attributed to the strong k dependence of the
self-energy. We suggest further experimental studies on β-HgS
semiconductors to settle finally the presence of an energy gap
in this system.

We have investigated the effect of spin-orbit coupling
on the screened interaction and found it to be minor in
the systems studied, implying that the spin-orbit induced
changes of the GW self-energy originate mainly from the
single-particle Green function. This finding may allow for a
simplification of GW calculations with spin-orbit coupling
where the fully relativistic wave functions—including the spin-
orbit coupling—are only used for the Green function, while the
screened interaction is constructed from the scalar-relativistic,
spin-orbit-free wave functions, thereby saving a large amount

085144-8

Self-energy correction
ΔEn

QP ≡ En
QP − En

DFT = ψ n |Σ(En
QP ) −Vxc |ψ n

“conduction” bands

SO-splitted bands



Possible application:
Searching new topological insulators

S. Chadov et al., Nature (2010)
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Summary

• SOC-included GW approximation is proposed

• Application to Hg chalcogenides shows:

‣ Improvement of the negative “band gap”

‣ Enhancement of spin-orbit splitting

‣ State-dependent self-energy correction


